The most important open problem in Monotone Operator Theory concerns the maximal monotonicity of the sum of two maximal monotone operators provided that Rockafellar's constraint qualification holds.
Introduction
Throughout this paper, we assume that X is a real Banach space with norm · , that X * is the continuous dual of X, and that X and X * are paired by ·, · . Let A : X ⇉ X * be a set-valued operator (also known as multifunction) from X to X * , i.e., for every x ∈ X, Ax ⊆ X * , and let gra A = (x, x * ) ∈ X × X * | x * ∈ Ax be the graph of A. Recall that A is monotone if (1) ∀(x, x * ) ∈ gra A ∀(y, y * ) ∈ gra A x − y, x * − y * ≥ 0, and maximal monotone if A is monotone and A has no proper monotone extension (in the sense of graph inclusion). We say A is a linear relation if gra A is a linear subspace. Monotone operators have proven to be a key class of objects in modern Optimization and Analysis; see, e.g., the books [8, 9, 10, 13, 18, 19, 17, 26] and the references therein. (We also adopt standard notation used in these books: dom A = x ∈ X | Ax = ∅ is the domain of A. Given a subset C of X, int C is the interior of C, and C is the closure of C. We set
, and f (λx) = λf (x) for all x, y ∈ dom f and λ > 0. Finally, the closed unit ball in X is denoted by B X := x ∈ X | x ≤ 1 .) Throughout, we shall identify X with its canonical image in the bidual space X * * . Furthermore, X × X * and (X × X * ) * = X * × X * * are likewise paired via (x, x * ), (y * , y * * ) = x, y * + x * , y * * , where (x, x * ) ∈ X × X * and (y * , y * * ) ∈ X * × X * * .
Let A and B be maximal monotone operators from X to X * . Clearly, the sum operator Now we focus on the special case when A is a linear relation and B is the subdifferential operator of a sublinear function f . We show that the sum theorem is true in this setting. Recently, linear relations have increasingly been studied in detail; see, e.g., [1, 2, 3, 4, 5, 6, 7, 14, 21, 23, 24, 25] and Cross' book [11] for general background on linear relations.
The remainder of this paper is organized as follows. In Section 2, we collect auxiliary results for future reference and for the reader's convenience. The main result (Theorem 3.1) is proved in Section 3. Let f, g : X → ]−∞, +∞] be proper convex functions. Assume that there exists a point x 0 ∈ dom f ∩ dom g such that g is continuous at x 0 . Then for every z * ∈ X * , there exists y * ∈ X * such that .) Let A : X ⇉ X * be maximal monotone, and set
which is the Fitzpatrick function associated with A. Then for every (x, x * ) ∈ X × X * , the inequality x, x * ≤ F A (x, x * ) is true, and equality holds if and only if (x, x * ) ∈ gra A. 
then A + B is maximal monotone. 
is proper and convex. semicontinuous, and convex. Let x ∈ X and λ ∈ R be such that inf f < λ < f (x) ≤ +∞, and set
Then K ∈ ]0, +∞[ and for every ε ∈ ]0, 1[, there exists (y, y * ) ∈ gra ∂f such that 
(ii) ∂f (0) = ∅ ⇔ f is lower semicontinuous at 0.
(iii) If f is lower semicontinuous, then f = sup ·, ∂f (0) . Proof. The result is trivial when int dom f = ∅ so we assume that x 0 ∈ int dom f . Then there exists δ > 0 such that x 0 + δB X ⊆ dom f . By sublinearity, ∀y ∈ dom f , we have y + x 0 + δB X ⊆ dom f . Hence
Lemma 2.9 Let A : X ⇉ X * be a maximal monotone linear relation, and let z ∈ X ∩(A0) ⊥ . Then z ∈ dom A.
Proof. Suppose to the contrary that z / ∈ dom A. Then the Separation Theorem provides w * ∈ X * such that z, w * > 0 and w
Thus, (0, w * ) is monotonically related to gra A. Since A is maximal monotone, we deduce that w * ∈ A0. By assumption, z, w * = 0, which contradicts (8) . Hence, z ∈ dom A.
The proof of the next result follows closely the proof of [19, Theorem 53.1].
Lemma 2.10 Let A : X ⇉ X * be a monotone linear relation, and let f : X → ]−∞, +∞] be a proper lower semicontinuous convex function. Suppose that dom A ∩ int dom ∂f = ∅, (z, z * ) ∈ X × X * is monotonically related to gra(A + ∂f ), and that z ∈ dom A. Then z ∈ dom ∂f .
Proof. Let c 0 ∈ X and y * ∈ X * be such that c 0 ∈ dom A ∩ int dom ∂f and (z, y * ) ∈ gra A. (11) holds. Now suppose that inf H < H(0). Let λ ∈ R be such that inf H < λ < H(0), and set
We claim that
By Fact 2.5, we have K λ ∈ ]0, ∞[ and ∀ε ∈ ]0, 1[, by gra ∂H = gra ∂h − (z, z * ) there exists (x, x * ) ∈ gra ∂h such that
As x = tc 0 + (1 − t)z and A is a linear relation, we have (x, tc * 0 + (1 − t)y * ) ∈ gra A. Since (z, z * ) is monotonically related to gra(A + ∂f ), by (10),
Combining (15) and (14), we obtain
Hence, (1 − ε)K λ ≤ M . Letting ε ↓ 0, we deduce that K λ ≤ M . Then, by (12) and letting λ ↑ H(0), we get
By [19, Example 7 .1], 0 ∈ dom ∂H. Hence (11) holds and thus z ∈ dom ∂f .
Main Result
Theorem 3.1 Let A : X ⇉ X * be a maximal monotone linear relation, let f : X → ]−∞, +∞] be a proper lower semicontinuous sublinear function, and suppose that dom A ∩ int dom ∂f = ∅. Then A + ∂f is maximal monotone.
Proof. Let (z, z * ) ∈ X × X * and suppose that (18) (z, z * ) is monotonically related to gra(A + ∂f ).
By Fact 2.2, dom A ⊆ P X (F A ) and dom ∂f ⊆ P X (F ∂f ). Hence, λ>0 λ P X (dom F A ) − P X (dom F ∂f ) = X. (19) Thus, by Fact 2.3, it suffices to show that (20) z ∈ dom A ∩ dom ∂f.
We have z, z * − z, x * − x, z * + x, x * + x − z, y * = z − x, z * − x * − y * ≥ 0, ∀(x, x * ) ∈ gra A, (x, y * ) ∈ gra ∂f. Thus, z ∈ X ∩ (A0) ⊥ . (22) 
